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A BIASED ESTIMATE OF THE PROCESS AVERAGiS 

By 

Aloise Askin and Donald Guthrie 

1.  Summary. 

The purpose of this report is to investigate existing estimates of the 

process average and to propose more sensitive criteria for tightened and 

reduced-^ inspection under the double sampling plans of MIL-STD-IO5A, 

Sampling Procedures and Tgbles Zor  Inspection by Attributes. 

Under the present MIL-STD-IO5A procedure for double sampling an 

estimate of the process average is computed solely on the basis of the first 

samples from preceding lots. This unbiased estimate is the ratio of the 

total number of defective items found in the first samples to the total 

number of items inspected in all of the first samples. If this average 

falls above the upper limit given for the specified AQL, then tightened 
I 

inspection is begun. It seems reasonable that "better" criteria can be 

obtained by using an estimate based on both samples, since the combined 

2/ 
sample contains three times the number of items in the first sample. 

The term "better" is used in the sense that when quality deteriorates, 

the probability of going on tightened inspection should be higher than 

that under the present system. 

l7 
* In its present form, MIL-STD-IO5A does not provide for reduced inspection 

under a aouble sampling plan. However, the present system can be used for 
finding lower limits for the estimated process average.  If the estimate 
is below this lower limit, reduced inspection can then be instituted. 
Similarly, criteria for reduced inspection can be obtained by using the 
procedures presented in this report. 

2/ 
-'The results of this paper are based on uncurtailed sampling plans only. 

That is when the procedure calls for a second sample, the total second 
sample will be inspected and not just part of it. 

1 •mi   inuin   1 in 1 ami nan* «. 
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A more natural estimate of the process average to use when double 

sampling is employed is the ratio of the total number of defective items 

found in both samples from preceding lots to the total number of item3 

inspected. This estimate can be shown to be "biased". That is, if the 

estimation procedure is repeated over and over again, the average value 

of the above estimate will be differer.it from the true process average. 

However, it will be shown that this biased estimate based on the combined 

samples will be closer, on the average, to the true process average than 

the unbiased estimate based solely on the first samples. 

This report includes a table of the upper limits of the process average 

for double sampling plans — Table 1.. These limits are based on the biased 

estimate of the process average described above. Evidence is presented to 

show that, at least for the range of AQLs included in this report, these 

limits are "better", in the above sense, than thc^e found in MIL-STD-IO5A. 

Table 2 gives the bias of the above estimate based on both samples, 

for each AQL and sample size code letter. The bias is defined as the difference 

between the true process average and the average value of this estimate and 

is given here for the process average equal to the AQL.  It is interesting 

to note that the bias is always positive. That is, the biased estimate 

underestimates the true process average, within the range of this table. 

In Table 3, a study is made of how "close", on the average, the 

biased and the unbiased estimates are to the true process average. That is, 

it compares the respective mean square deviations from the true process 

average, called the mean square error.  It is evident that for each plan 

-'M 
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considered, the biased estimate is, on the average, "closer" in the above 

sense. 

2.  Procedure For Tightened Inspection When Double Sampling Is Used. 

1. After a sufficient number of lots have been inspected according 

to the procedures in MIL-STD-IO5A for double sampling, estimate the process 

average by computing the ratio of the total number of defectives found in 

all the lots, D, to the total number of items inspected, N. Call this 

estimate p,. , where k is the number of lots used to compute p,. . Convert 

p,, to percent by multiplying it by 100. 

2. Enter Table 1 with the AQL, sample size code letter,- and the 

number of lots, k, U3ed to compute p,. to find the appropriate upper limit 

for the process average. Table 1 gives limits for k= 5, 10, and 15. 

3. If p,, , in percent, is above this limit, change to tightened 

inspection. 

For example, consider the following results of inspection using the 

sampling plan of MIL-STD-IO5A with code letter F and AQL- 6„5%. 
• 

nx = 1C , an = 1 , r1 = A , n2 = 20 , a2 = 3 , r2 = A 

Lot   Number of defectives   Total defectives  Decision 

1st sample 2nd sample    both samples 

12 1 
20 
32 0 
A 3 
5 1 
62 0 _._ r 
7 0 0 Accept 
8 1 
9 4 - 4 Reject 
10 2 0           2 Accept 

3 Accept 
0 Accept 
2 Accept 
4 Reject 
1 Accept 
a Accept 
0 Accept 
j. Ace ept 
4 Reject 
2 Accept 

-If the sample size code letter is not the same for all samples used, the 
entry in Table 1 is determined by the code letter of the smallest sample used. 

• ''*:-•' 
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D = 19.  N - 10(10)*5(20) = 200. 

Pb,10 = N~ " '°95 °r 9'5%- 

Upper limit from Table 1 for k= 10 is 10.604%. 

Since p., is less than the upper limit, normal inspection should be 

continued. 

Potation Used in This Report. 

p       true fraction defective-^ 

q = 1-p  true fraction non-defective 

2/ 
p.      unbiased- estimate of p based on the first sample from one lot 

p, biased estimate of p based on both samples from one lot 

p., biased estimate of p based on both samples from each of k lots 

p unbiased estimate of p based on both samples from one lot 

a, acceptance number for first cample 

a~ acceptance number for second sample 

r, rejection number for first sample 

r„ rejection number for second sampl6 

d.. number of defectives in first sample 

d total number of defectives in both samples from one lot 

D total number cf defectives in both samples from each of k lots 

n, size of first sample 

nj size of second sample 

n total number cf items inspected in one lot 

-'This parameter is often called p' in Quality Control work. It should be 
emphasized that p.., p, , and p are not parameters but statistics which 
estimate p. 

2/ —^An unbiased estimate is one such that, if the estimation procedure is 
repeated over and over again, the average value of the estimate will be 
equal to the true fraction defective. 

^mtrm^—z. IM>,.I SS5SS: 
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N       total number of items inspected In k lots 

AQL     acceptable quality level, as defined in MIL-STD-IO5A. 

U•  Eatlaates of the Fraction Defective. 

Consider three estimates of the fraction defective p based on an 

uncurtailed double sampling plan for inspection by attributes: 

_dl 

dl 2. p = —- when a decision is made on one sample only, r..<d,<a, 

7o=al+1 p =  -  when two samples are taken, where 
1 t     n,  n0 
*5' (  )(J ' ) ^ni\    m! , 
4-Vi 7o d-yo (s) = s!(m-s)«  ' •i<*<V,l 

3. Pv = T~    d - 0,1,...,a,r.,...,n,  when n= n. 

d = a+l,.. *,n2+r-|-l    when n= n,
+n2 

k 

JL = i= 1 
Pbk  N    k 

i=l 1 

The estimate p, is an unbiased one based on the first sample only. 

It is the one on which the estimate in MIL-STD-IO5A is based, p is also 

unbiased, but it takes into account the additional information provided by 

the second sample. Since the computation involved in finding p is relatively 
s 

difficult, it is rarely used in practical applications. The tables in this 

report are based on the third estimate, p, or p,. .  It is 9 biased estimate 
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based on both samples.  In the case where a decision can be made from the 

first sample only, p. • p = p.. . 

It will be shown in Section 6 that, for sufficiently small values of 

the fraction defective, p, the mean square error of p, is less than or equal 

to that of either p, or p M    From this it follows directly that the 

variance of p. is less than or equal to that of either of the other 

2/ estimates.-'  Thus, within this range of p, p., although biased, is a 

better estimate of p than are p.. and p , because any limits based on its 

variance will ba narrower, and therefore more sensitive for detecting 

a process average significantly different from the AQL.  In addition, 

having a smaller mean square error, p, will be closer on the average to 

the true fraction defective p than p, or pn- 

5•  Preparation and Use of the Tables. 

Table 1 gives three sets of upper limits for the process average. The 

first set applies if the process average is estimated on the basis of five 

lots, the second for ten lots, and the third for fifteen lots. Limits are 

given for each AQL and each sample size code letter. 

The upper limit is a "three-sigma" limit, and is given by the expression 

E(pvV)
+3(J"   where E(p,,) is the expected (average) value of p,. and 0~ 

Dic    Pbk y _      Pbk 
is the standard deviation-^ of the estimate. Both E(p,, ) and 0   are 

bk'    ^bk 
computed for p equal to the AQL. 

-i I 2        2 2        2 
• E(p.-p) < E(p.-p) and E(p,-p) < E(p -p) for some range of small p. 

0 / 9 2 P 2 
-/,E[p,-E(pb) 1   £E[p..-pl    and E[p,-E(p,)]   < E[p -p]    for some range of small p. 

3/<r      fZ     ~    ^_ ^bi 

-..,.,.,., n.r •« nil        «       I    ••<—o..-^    - • •*•*•***.-•. 
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f The limits are such that, if the process average is at the AQL, the 
I 
i 

probability of an estimate p., falling above its limit is small (about .00135) 

In this respect, they resemble those of S5IL-3TD-105A. However, since the 

standard deviation and the mean square error of p,. are less than those of 

the old estimate pn,- (at least for AQL's within the range of the tables), 

these limits are stricter, and the probability of detecting a deviation of 

p from the AQL is therefore greater than it is when p1 is used. 

Table 2 give3, for each AQL and sample size code letter, the bias of 

the estimate p., i.e... the difference between the true fraction defective p 

and the expected value of p, . This is independent of k and is expressed 

in the form E(p-p, ) or p-E(p, ) . 

Using Table 3, one can compare the mean square errors of the two 

2 »? 
estimates p, and p.. . These are expressed by E(p,-p) and E(p..-p)'.  It is 

seen that in every sampling plan considered in this report, p, has the lower 

mean square error. 

6.  Comparison of the Mean Square Errors of p, and p, . 

It now remains to prove the following theorem: 

(6.1)        E(p,-p) < E(p1-p)  for some range of small p, 
b        1 

; O r\ 0 A 
where E(p,-p) = E(— p)" is the mean square error of PL 

=
 
_
 > the biased 

2  pq 
estimate of p based on two samples, and E(p..-p) = — is the mean square 

a, Dl 

error (or variance) of p. = — , the unbiased estimate based on the first 
X  nl 

sample. 

/d  \2  pq 
Theorem. E(- -p;~ < — for some range of small p.     n      n. 

^See Table 3- 
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Proof.    Case Is    a. > 

'•     1 » n,     , n,-d _,d      >2      W    j 1 1 |    -J— ,, »2/
nl» d "l 

•fc-** =^-j-2- r~i2f zZ(d~nip) (d>Pq 

"VV d=a]L*l 

He wish to discover under what condition on p is 

I * - rt?} £ ^,2<V'vd * n^ £ (*,A"1 
L"l      Wjd^l (V=2)    d=a^l 

or 

o\      "S*20!    ^  ,,, %2A, d nl"d ^ A, d Vd       . 
•2)       2~*    Z_  W-nipJ   l d 'p q - w     Z_^ * d 'P q 

-a 

(6 

•1      d=a *1 d=a *1 

obtain the condition 

(6.31) 
X 

n~- p 

°1 

The condition pq 
D2*2al 

-       2 
nl 

P2-P* 
n2*2n1 

2      * 

reduces to the quadratic inequality in p, 

0 Osp<l 

Upon setting the left side cf this inequality equal to sero, and solving 

for p, we find that the inequality is satisfied if either 

2         E2*^aTI 
This ineqoality is always satisfied if (d-n,p) >1 and if  x— 2. VI- 

Sew, (d-n~p) >1 inplies that -l>d-n,p> 1 or  < p <   , d=a,*l, 
1       x 

. ...r--l- Hence, upon insertini? t??e largest ralne for d on the left side x 

of this inequalilqr, and the smallest value for d on the right side, we 
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(6.32)   Ps ^    or   V*        2^  

and it is true for all p between zero and one if n1-4n2-8n1< 0, that is, 

n.ta-8) 
if IL,> T  . Inequalities (6.3l) and (6.32) are conditions on p which, 

j   2  ?3 
if they are satisfied, are sufficient to guarantee that E( p) ^ —1 . 

A somewhat different condition on p can be found by substituting 
r.,-1      0  n,  , n,-d 
^-r   (d-n1pr(d

1)pdq X   in (6.2), 

d=a1+l 

(a1-2aLn1p)^( +j)p   q     
+2al^j(a-j)p   q 

i" 1 5=1 

+ ^,.   s2, nl . V* W* 
+ Z^(J'nlp) (a1+j

)p   q 

3=1 

where b= r,-l-a, .  Inequality (6.2) becomes 

f 2 
XL?*2TI 2 nnpq      b      n.,      a,+J n,-a,-j 

(6..)     (afi) ]<4-^v-ds:>Z( v3)p   < 
ni    L 2  x j-i x 

• .    V»w ni 1 ai*3 nl~al~3 + <£*#-       *2, ai , ai^ "TV* 

3-1     " 3 = 1 

> 0 

Since the second and third terms are positive for all p, this inequality 

always holds if 

a1»2a1D1p-~ 
n1?q 

> 2n, - 
0 

2 "*"! 
or 

n^-p jn21*2a1n1(n2*2n1) {•a2_(n2*2n1) > 0 
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By setting the left hand side equal to zero,  and solving for p, we find 

that (6.4.) is always satisfied if 

V2al(V2nl}     j ^l)2^^^) ^2n2(n2-l) 
(6.41)      P £ *a^—     " X—- 2^' 

The relationships (6.32) and (6,41) will never yield negative values 

2   V2nl 
for p since the inequalities p - p + 5 £ ° and 

n7 

nlp2-p( nl+2alnl^n2+2nl^ >'+ai(n2*2n1)^
0 are both satisfied for p= 0. 

,d \2    M 
Hence, for some interval about p=0, E(- -p} £~" • 

xx n*» 

Case II:    a,= 0. 

As in Case I,  the inequality 

(  ? n-,(p~P ) ")    b      n,      a,*j n-ra-.-J 
cpp) -     4-^^p. J_- C^(   l )P 

I ~ Jj-1 

+2alZJVj/p       4 Z_(3"nlp)  (a-*J>P       * ^° 

must be satisfied, "hen a-, - 0, this becomes 

- 

n2(p-p2} rl"1 n, , n,-j rl"1     5 n, , n,-j 

^piai=°> = - -h*r H (j)pjq   +ZI (J-»ip)a<jVq     * - 
j-i j-i 

The function qp(p|a, = 0) is a continuous function. Taking the 

derivative of Cf(p(a,= 0) with respect to p, we find 
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n^+pq V^ n, (3-p^)  j n^j 

*  x 1- 1 

n,    2n,p  rXi n-  . n,-j rl~~     5 n, (j-nnp) . n.,-3 

3-1        3=1 

"l n.,  . 11,-3 
+ Zl (-2ni}^-niP)(3")p q 
J=1
 nl 

and, setting p= 0, cp'(o|a1= 0) = ( ' ) = n1 > 0. 

Therefore, since cP(p|a,= 0) is an increasing function of p in at 

least a small interval about p=0, and since Cp(0|a, = 0)= 0, the function 

must be positive for all p in some interval about p= 0. For these values 

of p, E(- -p) * - . 

A. similar proof can be given for the theorem that E(p,-p) ^E(p -p) 

for some range of small p. 

•.-'.-.     • — 



Table 1.    Upper limit3 for the process average for double sampling when the process average is based upon 
the reaulta of both samples in the preceding 5, 10, or 15 lota.    When 5 lots have been used, read 
the black fiRureo;  for 10 lota read the red figures,  and for 15  lots read the green figures. 

Sample 
Size Acceptable Quality Level 
Code 

Letter .015 .035 .065 .10 .15 .25 .40 .65 1.0 1.5 2.5 4.0 6.5 10.0 • 

23.339 
D 

12.865 

19.041 
17.114 
18.553 

E 

7.992 

10.266 
9.1H 

12.851 

15.427 
14.042 
19.268 

F 

5.037 

6.336 
5.602 

8.197 

10.604 
9.608 

10.939 

16.252 
U.916 
18.129 

G 3.980 
3.512 

6.732 
6.083 

9.199 
8.428 

15.549 
3A.407 

4.023 5.071 7.867 11.395 16.861 
H 

2.034 

3.223 
2.369 
3.581 

4.167 
3.767 
4.361 

6.609 
6.051 
6.612 

9.804 
9.099 
9.747 

14.751 
13.816 

15.444 
I 1.602 2.904 3.644 5.666 8.553 13.726 

1.410 2.605 3.327 5.247 8.024 12.96s 
1.322 2.219 2.708 4.335 6.334 9.749 14.472 

J 1.038 1.806 2.252 3.692 5.518 8.670 13.077 

0.913 1.623 2.050 3.407 5.157 8.192 12.459 
0.814 1.594 1.808 2.723 4.489 6.255 9.186 14.005 

K 0.637 1.289 1.503 2.309 3-870 5.521 8.285 12.772 
0.559 1.154 1.368 2.124 3.596 5.196 7.886 12.225 

0.509 0.982 1.245 1.936 2.723 4.234 6.151 9.143 13.155 • 
L 0.396 0.791 1.028 1.627 2.329 3.695 5.478 8.305 12.143 

1 0.346 0.707 0.932 1-490 2.155 3.456 5.179 7.934 11.695 
,! 0.306 0.673 0.988 1.266 1.815 2.654 3.949 5-953 8.825 12.772 

L                           M 0.238 0.539 0.808 1.063 1.552 2.302 3.502 5-365 8.109 11.910 
0.207 0.480 0.729 0.973 1.436 2.146 3.304 5.104 7.792 11.528 

t 0.205 0.442 0.540 0.857 1.260 1.744 2.483 3.786 5-489 8.374 12.408 
N 0.159 0.351 0.441 0.712 1.069 1.509 2.181 3.392 5.017 7.779 11.660 

0.138 0.311 0.396 0.648 0.984 1.405 ? 047 3.218 4.309 7.516 11.328 
0.134 0.295 0.342 0.553 0.803 1.U6 I.656 2.^91 3.521 5.314 8.O65 11.915 

0 0.103 0.234 0.277 0.457 0.679 0.990 1.454 2.046 3.295 4.910 7.573 11.313 
0.090 0.207 0.249 0.415 0.623 0.921 1.365 1.938 3.065 4.731 7.355 11.046 

0.073 0.176 0.216 0.331 0.493 0.742 1.041 I.516 2.114 3.276 4.981 7.817 11.568 
P 0.056 0.141 0.176 0.274 O.417 0.639 0.919 1.358 1.924 3.033 4.675 7.416 11.086 

0.049 0.125 0.159 0.249 0.384 0.593 0.864 1.288 1.839 2.926 4.539 7.239 10.872 
O.032 0.092 0.124 0.192 0.296 0.424 0.616 0.944 1.350 1.951 3.081 4.697 7.413 11.152 

y 0.024 0.073 0.103 0,162 0.252 0.370 0.54B O.854 1.241 1.813 2.903 4.480 7.133 10.8': 3 

i" 
0.021 O.O65 0.093 0.U8 0.232 0.346 0.518 0.814 1.192 1.752 2.825 4.383 7.009 10.649 

Note:    all figures in the table are read in percent. 

— • . 
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